Abstract. A parameter estimation theory is incomplete if no rigorous measures are available for validating the parameter solution. Since the classical theory of linear estimation does not apply to the integer GPS model, rigorous validation is not possible when use is made of the classical results. As with the classical theory, a first step for being able to validate the integer GPS model is to make use of the residuals and their probabilistic properties. The residuals quantify the inconsistency between data and model, while their probabilistic properties can be used to measure the significance of the inconsistency.
Introduction
Any GPS model of observation equations that includes carrier phase data of two or more receivers can be parameterized in non-integers and integers. The non-integers refer to the baseline components 120 and additional unknowns like atmospheric delays. The integer parameters refer to the unknown cycle ambiguities of double-differenced carrier phase data. When the integemess of these parameters is explicitily taken into account in the parameter estimation process, we speak of carrier phase ambiguity resolution. It can be applied to a great variety of GPS models that are used in applications like surveying, navigation, and geophysics. An overview of GPS models can be found in textbooks like Hoffmann-Wellenhof et al. (1997) , Leick (1995) , Parkinson and Spilker (1996) , Strang and Borre (1997) , Teunissen and Kleusberg (1998) .
Parameter estimation provides the estimates of the unknown parameters, together with the corresponding variance-covariance (vc-) matrices. In the classical theory of linear estimation, the vc-matrices provide sufficient information on the precision of the estimated parameters. The reason is that a linear model applied to normally distributed (Gaussian) data, provides linear estimators that are also normally distributed, and the peakedness of the multivariate normal distribution is completely captured by the vc-matrix.
Unfortunately, this relatively simple approach cannot rigorously be applied in case integer parameters are involved in the estimation process, since the integer estimators do not have a Gaussian distribution, even if the model is linear and the data are normally distributed. Instead of the vc-matrices, we therefore have to use the parameter distribution itself in order to obtain the appropriate measures that can be used to validate the integer parameter solution. For that purpose, the probability density function (PDF) of the difference between the realvalued float ambiguity estimates and the integervalued fixed ambiguity estimates, referred to as the ambiguity residuals, can be used, since these residuals quantify the inconsistency between data and model, while the PDF describes their probabilistic properties, which are a measure for the significance of the inconsistency.
Our goal is to evaluate the PDF of the ambiguity residuals for the whole class of admissible integer estimators, since the residuals and their probabilistic properties depend on the estimation principle that is used.
We will start with the formulation of the integer GPS model in section 2, where also the class of admissible estimators is defined. In section 3 the PDF of the ambiguity residuals for the whole class of admissible integer estimators is presented. In practice, the PDF that is often used is based on the incorrect assumption that the integer estimator is deterministic. It will be shown how the resulting PDF differs from the correct one as presented here.
The evaluation of the PDFs is the subject of section 4. We will focus on the one-dimensional and two-dimensional case. Thereby, we will also look at a realistic GPS model. In order to get a good understanding of the various features of the joint PDF of the residuals, it is shown how the PDF can be constructed step-by-step, aided by graphical means. Furthermore, the second moments of the ambiguity residuals with relation to the precision of the GPS data are shown numerically as well as graphically. The PDFs and second moments will be compared to the ones that are often used in practice, where the randomness of the integer ambiguity estimates is neglected, so that it is assumed that all estimates are normally distributed. Due to this incorrect assumption the ambiguity validation tests that are used are also incorrect.
Integer ambiguity resolution
Any GPS observation model can be parameterized in integers and non-integers. This gives the following system of linear(ized) observation equations:
where E {.} is the mathematical expectation operator, y is the GPS observation vector of order m, a and b are the unknown parameter vectors of order nand p respectively. The data vector y usually consists of the observed-minus-computed doubledifference (DD) phase and/or code observations on one, two or three frequencies and accumulated over all observation epochs. The entries of the parameter vector a will then consist of the unknown integer carrier phase ambiguities, which are expressed in units of cycles rather than in units of range. Since it is known that the entries are integers, aEZ'. The 121 remaining unknown parameters form the entries of the vector b. These parameters may be the unknown baseline components and for instance atmospheric (ionospheric, tropospheric) delays, which are all real-valued, i.e. bE RP. In this contribution we will refer to the estimator of these real-valued parameters as the baseline estimator, although the vector b may thus contain other parameters than only the baseline components. The classical linear estimation theory can be applied to models that contain real-valued parameters. However, if the integemess of the ambiguity parameters is taken into account, we have to follow a different approach which includes a separate step for ambiguity resolution. The complete estimation process will then consist of three steps (Euler and Schaffrin 1991, Teunissen 1993) . In the first step, the integemess of the vector a is discarded and a float solution is computed with a standard least-squares adjustment. This results in real-valued estimates for a and b and their variancecovariance (vc-) matrix:
In the second step the integer ambiguity estimate is computed from the float ambiguity estimate a: a= s(a) (2.3) where S: Rn~Z' the mapping from the ndimensional space of real numbers to the ndimensional space of integers. The final step is to use integer ambiguity estimates to correct the float estimate of b with (2.4) This solution is referred to as the fixed baseline solution. Both eqs.(2.3) and (2.4) depend on the choice of the integer estimator. Different integer estimators are obtained for different choices of the map S: Rn~Z'. This implies that also the probability distribution of the estimators depends on the choice of the map.
In order to arrive at a class of integer estimators from which to choose, we will start with the map S: Rn~Z'. The space of integers, Z', is of a discrete nature, which implies that the map must be a manyto-one map, and not one-to-one. In other words, different real-valued ambiguity vectors a will be mapped to the same integer vector. Therefore, a subset Szc Rn can be assigned to each integer vector zEZ':
